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We study the interplay of spin and charge coherence in a single-level quantum dot. A tunnel
coupling to a superconducting lead induces superconducting correlations in the dot. With full
spin symmetry retained, only even-singlet superconducting correlations are generated. An applied
magnetic field or attached ferromagnetic leads partially or fully reduce the spin symmetry, and odd-
triplet superconducting correlations are generated as well. For single-level quantum dots, no other
superconducting correlations are possible. We analyze, with the help of a diagrammatic real-time
technique, the interplay of spin symmetry and superconductivity and its signatures in electronic
transport, in particular current and shot noise.
PACS numbers: 73.23.Hk,74.45.+c,74.20.Rp,72.25.Mk
I. INTRODUCTION
The formation of singlet Cooper pairs in conven-
tional superconductors is a consequence of the bro-
ken U(1)-gauge symmetry in the electronic system be-
low the critical temperature1. The SU(2)-spin sym-
metry, on the other hand, remains intact in a BCS
(Bardeen-Cooper-Schrieffer) superconductor. The com-
bination of superconductivity and magnetism, how-
ever, allows for other, unconventional, types of pair-
ing. Bulk rare-earth metals can behave as ferromagnetic
superconductors2,3. Heavy-fermion and organic super-
conductors in strong magnetic fields can accommodate
FFLO (Fulde-Ferrell-Larkin-Ovchinnikov) states4,5, su-
perconducting states with oscillating order parameter.
More recently, heterostructures built from conventional
superconducting and ferromagnetic metals have become
an active research field. Theoretical investigations in-
volving wavefunction-6–8 or semiclassical6,9,10 methods
have predicted that the proximity of conventional super-
conductors leads to triplet pairing in the ferromagnets.
This has been experimentally confirmed in a variety of
different heterostructures11,12, in part by observing 0-pi-
transitions in Josephson junctions13–15. To establish a
long-range superconducting coherence in the ferromag-
net, it is necessary to break any residual uniaxial spin
symmetry, e.g., by magnetic inhomogeneities9 or spin-
orbit coupling16.
Superconducting correlations can be classified by their
symmetry in spin, space, and time. Since electrons are
fermions, the correlation function has to be antisymmet-
ric under exchange of two particles. This allows for four
different classes of correlations. First, we distinguish
between correlators that are even or odd in time (or,
equivalently, in frequency). Second, each of them can
be characterized by their spin symmetry, which may be
even for triplets or odd for singlets. Then, the symme-
try in space is fixed. We denote the four classes of cor-
relations as (i) even singlet, (ii) even triplet, (iii) odd
triplet, and (iv) odd singlet, where ”even” and ”odd” re-
fer to the symmetry in time (frequency) and ”singlet” and
”triplet” to spin. (i) Even-singlet correlations appear in
conventional s-wave superconductors but also in d-wave
superconductors17. (ii) Even-triplet pairing is possible
for p-wave superconductors, as suggested for Sr2RuO4
18.
(iii) Odd-triplet Cooper pairs have been demonstrated
to deeply penetrate into ferromagnets. In such a way, it
was possible to control Josephson junctions19,21 includ-
ing 0-pi-transitions20 via the magnetic configuration of
the heterostructure, which gave rise to the term super-
conducting spintronics22. Thereby, not only ferromag-
netic metals but also ferromagnetic insulators have been
used23. Based on theoretical investigations it has been
shown that odd-frequency triplet pairing also appears in
diffusive normal metals contacted by an even-frequency
triplet superconductor24. (iv) Odd-singlet superconduc-
tivity has only been predicted theoretically25 but not
found experimentally yet.
In bulk systems, the possibility to influence the pair-
ing mechanism by tuning external parameters is rather
limited. For the heterostructures studied in Refs. 19–21,
external magnetic fields have been used to change the
magnetic configurations, which allowed at least for some
degree of external control. The possibility of manipu-
lation is, however, much better in mesoscopic systems
such as quantum dots. There, system parameters are
widely tunable via applied gate and bias voltages, in ad-
dition to external fields. This is one motivation for many
theoretical and experimental studies of single and dou-
ble quantum dots coupled to superconducting leads (see
Refs. 26 and 27 for an overview). For example, Cooper-
pair splitting in double quantum dot (DQD) devices has
attracted a lot of attention28–30. The possibility to con-
trol the nonlocal entanglement in a Cooper pair splitting
device by means of spin-orbit interaction together with
inter- as well as intradot Coulomb interaction has been
proposed theoretically31.
Recently, we proposed DQDs as a minimal model to
generate all four classes of superconducting pairing in a
single device32 and discussed how triplet pairing influ-
ences the electric current in various transport regimes.
The discussed signatures, however, did not distinguish
between even- and odd-triplet pairing and both are, in
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2general, generated simultaneously. To circumvent this
problem, we focus in this paper on a single quantum dot
hosting one orbital level only. In this case, the lack of
orbital degrees of freedom implies that odd-triplet pair-
ing is the only unconventional paring mechanism that
can occur in addition to the conventional even-singlet
one; even-triplet and odd-singlet are ruled out by sym-
metry. It has been shown recently, that odd-triplet cor-
relations might be rigourously detected by a Majorana
STM33. For a full removal of spin symmetry, inhomo-
geneous magnetic fields, as proposed for DQDs32, can-
not be employed for a single-level quantum dot. Instead,
we suggest to couple the quantum dot to two ferromag-
netic leads with noncollinear magnetization directions.
The feasibility to achieve this has been experimentally
demonstrated recently34.
A theoretical treatment of quantum dots coupled to
superconductors in nonequilibrium situations is compli-
cated by the presence of Coulomb interaction in the quan-
tum dot. If the Coulomb interaction is weak, it can
be treated perturbatively35–41. To allow for arbitrarily
strong Coulomb interaction, one can perform a pertur-
bation expansion in the tunnel coupling between dot and
leads42,43. In the limit of an infinitely-large supercon-
ducting gap in the lead, an exact treatment of both the
Coulomb interaction and the tunnel coupling between
quantum dot and superconducting leads is possible43–46.
Here, we employ the diagrammatic real-time technique
developed for single-43 and double50-quantum dots at-
tached to superconductors, which also allows for calcu-
lating shot noise48. While the diagrammatic technique is
formulated (and has been applied49) for arbitrary values
of the superconducting gap ∆ in the lead, we assume, in
the following, the limit of ∆→∞.
The structure of the article is as follows. First, in
Sec. II, we define the model, introduce superconducting
order parameters to describe conventional and unconven-
tional correlations, and present the technique to calculate
the order parameters as well as the current and current
noise. Then, in Sec. III A, we analyze the case of full spin
symmetry. In contrast to our previous studies43,48, we al-
low for an arbitrary ratio of tunnel-coupling strengths to
the superconducting (ΓS) and the normal (ΓN ) leads, in-
stead of relying on either of the limits ΓS/ΓN  1 or
 1. Because of full spin symmetry, triplet pairing does
not occur. In Sec. III B, we treat the case of partially
reduced spin symmetry by an applied magnetic field or
by involving one ferromagnetic lead. Finally, Sec. III C is
devoted to the case of full removal of spin symmetry by
means of two, noncollinearly-magnetized, ferromagnetic
leads.
II. MODEL & METHOD
In order to explore unconventional superconducting
correlations in a single-level quantum dot, we use the
model depicted in Fig. 1. A quantum dot containing a
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FIG. 1. (Color online) A single-level quantum dot is tunnel
coupled to two ferromagnetic leads with coupling strength
Γα, α = L/R, magnetized in directions nα and a conven-
tional superconductor with gap ∆. The magnetization of each
ferromagnet encloses an angle φα with the x-axis. Tunnel-
ing between superconductor and quantum dot with coupling
strength ΓS gives rise to a finite pairing amplitude on the
quantum dot. The underlying coordinate system is shown as
well.
single (spinful) orbital is coupled to a conventional BCS
superconductor denoted by the label S. Spin symme-
try may be reduced by an external magnetic field and/or
coupling the quantum dot to two ferromagnetic leads (L
and R).
A. Hamiltonian
The Hamiltonian is
H = Hdot +
∑
α=L,R,S
(Hα +Htun,α) . (1)
The quantum dot is described by the Hamiltonian
Hdot =
∑
σ
0d
†
σdσ + gµBB · S/~ + Un↑n↓, (2)
with fermionic operators d†σ(dσ) that create (annihilate)
electrons on the quantum dot with spin σ. We denote
by nσ = d
†
σdσ the particle-number operator. The single-
particle energy 0 can be tuned by a gate voltage. The
parameter U models the charging energy for double occu-
pation of the dot. An externally applied magnetic field is
denotedB and the dot spin is S = (~/2)
∑
σσ′ d
†
σσσσ′dσ′ ,
with the vector of Pauli matrices σ = (σx, σy, σz).
To treat the superconducting lead, we assume the limit
of a large superconducting gap, ∆→∞43–46. This allows
us to integrate out the superconductor to arrive at an
effective Hamiltonian for the quantum dot, Hdot +HS +
Htun,S → Heff with
Heff = Hdot − ΓS
2
(
d†↑d
†
↓ + d↓d↑
)
, (3)
with ΓS = 2pi|tS |2ρS where ρS is the (spin-independent)
density of states for electrons in the normal state at the
Fermi energy in the superconductor. In the absence of
3a Zeeman field, B = 0, the spectrum of the effective
Hamiltonian is given by 0 for the single-electron states
| ↑〉 and | ↓〉 and ± = δ/2 ± A with 2A =
√
δ2 + Γ2S
and detuning δ = 20 +U for the coherent superposition
of an empty and a doubly-occupied dot,
|±〉 = 1√
2
(√
1∓ δ
2A
|0〉 ∓
√
1± δ
2A
|d〉
)
, (4)
refered to as Andreev bound states.
The two ferromagnetic leads, α = L,R, are described
by grand canonical Hamiltonians
Hα =
∑
kτ
(kατ − µα) c†kατ ckατ (5)
where µα is the electrochemical potential of lead α, which
can be changed by applying bias voltages. We assume
noninteracting electrons in the leads having energy kατ
and use operators c†kατ (ckατ ) to create (annihilate) an
electron in lead α with spin τ and momentum k. The
spin quantization axis can be chosen differently for each
lead. For the ferromagnets, it is conventient to choose
the magnetization directions nL and nR, respectively, as
natural quantization axes, such that τ = ± describe ma-
jority and minority spins with density of states ρ± at
the Fermi energy. The degree of spin polarization at the
Fermi energy is given by pα = (ρα+−ρα−)/(ρα+ +ρα−).
Paramagnetic leads are described by pα = 0, whereas
pα = 1 corresponds to a half-metallic lead hosting major-
ity spins only. The hybridization between dot and lead α
due to a tunneling amplitude tα yields a finite line width
Γα± = 2pi|tα|2ρα±, which, for pα 6= 0, is spin dependent.
We define the average line width as Γα :=
∑
σ=± Γασ/2.
Tunneling between the quantum dot and the leads with
tunneling amplitude tα is modeled by
Htun,α =
∑
kτσ
(
tαc
†
kατu
α
τσdσ + h.c.
)
, (6)
where the unitary operator uατσ describes the rotation of
the dot’s spin coordinate system to that of lead α. To
be specific, we choose the quantization axis for the dot
electrons along the z-axis, while nα lie in the x-y-plane,
enclosing an angle φα with the x-axis, see Fig. 1. This
fixes the coordinate axes to be ex = (nR+nL)/|nR+nL|,
ey = (nR−nL)/|nR−nL|, ez = ex×ey51,52. As a result,
we get explicitly
Htun,α = tα√
2
∑
k
[
c†kα+
(
eiφα/2d↑ + e−iφα/2d↓
)
+ c†kα−
(
−eiφα/2d↑ + e−iφα/2d↓
)]
+ h.c. (7)
B. Kinetic equation
An applied bias voltage between any two leads α and
β yields a difference eV = µα − µβ in the electrochemi-
cal potentials. In such a nonequilibrium situation, a net
charge current can flow. The main idea of the diagram-
matic technique used here is to analyze the system’s dy-
namics in terms of the reduced density matrix P ≡ (Pχ2χ1 )
of the dot degrees of freedom that is obtained after inte-
grating out the leads. Diagonal elements Pχχ describe the
nonequilibrium occupation probabilities of the respective
states, whereas off-diagonal elements Pχ
′
χ describe coher-
ent superpositions. The kinetic equation for the reduced
density matrix is given by
d
dt
Pχ1χ2 (t) = −i
∑
χ
(
hχ1χP
χ
χ2 − hχχ2Pχ1χ
)
(t)
+
∑
χ′1χ
′
2
∫ t
−∞
dt′Wχ1χ
′
1
χ2χ′2
(t, t′)Pχ
′
2
χ′1
(t′). (8)
The first line describes the coherent evolution of the sys-
tem due to the effective Hamiltonian Heff with matrix
elements hχχ′ = 〈χ|Heff|χ′〉. The second line, involving
the irreducible self-energy kernels W , describes both co-
herent and dissipative dynamics due to coupling to the
ferromagnets. In the steady-state limit, the time deriva-
tives of the reduced density matrix elements vanish. The
stationary density matrix element is, then, obtained from
0 = −i
∑
χ
(
hχ1χP
χ
χ2 − hχχ2Pχ1χ
)
+
∑
χ′1χ
′
2
W
χ1χ
′
1
χ2χ′2
P
χ′2
χ′1
,(9)
where we introduced the generalized transition rates
W
χ1χ
′
1
χ2χ′2
:=
∫ t
−∞ dt
′Wχ1χ
′
1
χ2χ′2
(t, t′).
For the basis states χ, it is natural to use
{|0〉, |↑〉, |↓〉, |d〉}. In addition to the kinetic equations for
the diagonal reduced density matrix elements, we need to
include the off-diagonal matrix elements describing the
coherence between |0〉 and |d〉. In the regime ΓS  ΓN ,
it is advantageous to use the basis {|↑〉, |↓〉, |+〉, |−〉} in-
stead since, then, only diagonal matrix elements need to
be taken into account and compact analytic formulas can
be obtained for various transport quantities47,48. In the
following, however, we will extend those previous stud-
ies by making no restriction on the ratio ΓS/ΓN . As a
consequence, we need to keep all off-diagonal elements
that are induced by the presence of the superconductor
and/or the ferromagnets. All the time, however, we will
assume that the tunnel coupling between quantum dot
and leads α = L/R is weak such that only generalized
transition rates up to first order in Γα will be included.
They are computed with the help of diagrammatic rules
presented in Ref. 47.
C. Superconducting order parameters
Superconducting correlations between two electrons of
spin σ and σ′ are quantified by the Green’s function
Fσσ′(t) = 〈T dσ(t)dσ′(0)〉 , (10)
4where T is the time-ordering operator. It is an anoma-
lous (Gorkov) Green’s function as it involves two anni-
hilation operators and, therefore, probes coherences be-
tween particle-number states that differ by two electrons.
The time arguments of the two operators indicate that
Eq. (10) measures correlations between electrons not only
at equal but also at different times. To construct out of
Eq. (10) Green’s functions that possess definite symme-
try in the spin and time arguments, we form proper linear
combinations. For even-singlet correlations, we define
FSe (t) =
F↑↓(t)− F↓↑(t)
2
, (11)
which is a scalar under rotation in spin space. Further-
more, odd-triplet correlations are characterized by the
three combinations
FTxo (t) =
F↓↓(t)− F↑↑(t)√
2
(12a)
FTyo (t) = −i
F↓↓(t) + F↑↑(t)√
2
(12b)
FTzo (t) =
F↓↑(t) + F↑↓(t)√
2
, (12c)
that transform under rotations like the cartesian com-
ponents of a vector F(t). Since there are only four pos-
sibilities to choose σ and σ′ in Eq. (10), we cannot con-
struct any other linear combination that is independent
from Eqs. (11) and (12). For a single level quantum dot,
fixed symmetry in spin space immediately determines the
symmetry of the Gorkov Green’s function in frequency
(time)53.
The Gorkov Green’s functions contain the full infor-
mation about the time-dependence of the superconduct-
ing correlations. To define an order parameter, we want
to characterize the correlations by a single number only.
A natural candidate for such an order parameter is the
equal-time correlator. This works well for even-singlet
correlations, which yields the dimensionless order param-
eter
∆Se := F
S
e (0) = 〈d↓d↑〉 = P d0 , (13)
which is nothing but the amplitude of the coherent su-
perposition of the dot being empty and doubly occupied.
For odd-frequency correlations, however, FTio (0), i =
x, y, z vanishes due to symmetry, and another definition
of the order parameter is required. Following Ref. 54,
we define the order parameter as the derivative of the
Gorkov Green’s function at equal time,
∆To := ~
dFo(t)
dt
∣∣∣∣
t=0
, (14)
which has units of energy. Importantly enough, in the
small quantum dot studied here, there is no room to con-
struct Green’s functions describing even-triplet or odd-
singlet correlations. Throughout this paper, we assume
a weak tunnel coupling between quantum dot and leads
α = L/R, such that only first-order tunnel processes from
and to the normal leads need to be taken into account.
This is consistent with discussing the superconducting
order parameters to lowest, i.e., zeroth order in ΓN only.
In this limit, we can completely express the odd-triplet
order parameters in terms of reduced-density-matrix el-
ements of the quantum dot. To do so, we first evalu-
ate ~d˙σ(t) = i[Heff, dσ](t) and, then, plug the result into
~〈d˙σ(0)dσ′(0)〉, which yields
~〈d˙↑d↑〉 = − i
2
(Bx − iBy)〈d↓d↑〉+ i
2
ΓS〈d†↓d↑〉 (15a)
~〈d˙↑d↓〉 = −i〈d↑d↓〉 − i
2
Bz〈d↑d↓〉+ i
2
ΓS〈d†↓d↓〉 (15b)
~〈d˙↓d↑〉 = −i〈d↓d↑〉+ i
2
Bz〈d↓d↑〉 − i
2
ΓS〈d†↑d↑〉 (15c)
~〈d˙↓d↓〉 = − i
2
(Bx + iBy)〈d↑d↓〉 − i
2~
ΓS〈d†↑d↓〉 (15d)
Combining this results with Eqs. (12) and (14) leads to
the very compact result
∆To =
i√
2
B∆Se −
i√
2~
ΓSS . (16)
It indicates that odd-triplet correlations in a single-level
quantum dot are either associated with even-singlet cor-
relations in the presence of a Zeeman field or with a finite
spin polarization in the presence to a tunnel coupling to
a superconducting lead. Thereby, it is irrelevant whether
the finite spin polarization is induced by a Zeeman field
or by non-equilibrium spin accumlation due to voltage-
biased ferromagnetic leads. Note that the Coulomb in-
teraction strength U does not enter explicitely Eqs. (15).
However, it is taken into account when calculating ex-
pectation values, e.g. ∆Se and S in Eq. (16), with respect
to the full Hamiltonian (1).
We remark that Eqs. (13) and (16) are valid both in
equilibrium and in non-equilibrium. To compute thereof
order parameters, one needs to find ρd0 and S with the
help of the kinetic quations of the reduced density matrix.
D. Charge current
Voltages applied to the leads drive currents through
the quantum dot. The current flowing from the normal
lead α = L,R into the quantum dot can be calculated
from
Iα =
e
2~
Tr
(
WIαP
)
. (17)
Here, the stationary density matrix element Pχ2χ1 has to
be determined from the kinetic equation in the stationary
limit, Eq. (9), and the matrix elements
(
W Iα
)χχ1
χχ2
of WIα
are the current rates. They are given by the generalized
transition rates multiplied with the number of electrons
transfered from lead α to the dot. Rules for an explicit
5calculation are given in Ref. 47. The current IS into the
superconductor, referred to as Andreev current, follows
from current conservation,
IS = IL + IR . (18)
E. Current noise and cross correlations
In addition to current, we also study zero-frequency
current fluctuations, given by
Sαβ = lim
ω→0
∞∫
−∞
dt〈δIα(t)δIβ(0) + δIβ(0)δIα(t)〉e−iωt ,
(19)
with δIα = Iα − 〈Iα〉. For α = β, the correlations
Eqs. (19) describe the shot noise power, for α 6= β cross
correlations between lead α and β. We have ensured that
the definition, Eq. (19), reproduces results of an equiva-
lent study based on derivatives of the cumulant generat-
ing function48. Following Ref. 55, this can be expressed
diagrammatically as
Sαβ =
e2
2~
lim
ω→0
Tr
[(
WIαIβ + WIβIα
+WIα
[
Π−10 (ω)−W
]−1
WIβ
+WIβ
[
Π−10 (−ω)−W
]−1
WIα
)
P
]
.
(20)
In this expression the kernels WIαIβ are obtained from
W
χ1χ
′
1
χ2χ′2
in Eq. (8) by replacing two tunneling vertices by
current vertices, the one earlier in time by Iβ and the
one later in time by Iα. To lowest order in ΓN , this term
is diagonal in the lead indices, WIαIβ ∼ δαβ . The free
propagation of the system between the successive current
measurements, that enters in Eq. (20), is given by
(Π0)
χ1,χ
′
1
χ2,χ′2
(ω) =
iδχ1,χ′1δχ2,χ′2
χ2 − χ1 − ~ω + i0+
. (21)
The term ~ω in the denominator prevents the appearance
of divergencies for χ1 = χ2 for any finite ω. In the limit
ω → 0, i.e., the zero-frequency noise, the sum of the
terms occuring in Eq. (20) is well defined.
III. RESULTS
The kinetic equation Eq. (8) is solved numeri-
cally taking into account matrix elements χ1, χ2 ∈
{|0〉, |↑〉, |↓〉, |d〉}, i.e. we obtain all occupation proba-
bilities together with the overlaps between the respective
states to first order in ΓN . Within this weak-tunneling
approximation, i.e. ΓN  kBT , the current as well as
the noise are calculated with the help of Eq. (17) and
Eq. (20). For the proximitized dot, ΓS 6= 0, in the
presence of FM leads with φα 6= 0, we have eight in-
dependent nonvanishing elements of Pχ
′
χ : four occupa-
tion probabilities and four off-diagonal elements are dif-
ferent from zero due to the presence of the superconduc-
tor, P d0 = (P
0
d )
∗ 6= 0 as well as due to the FM leads
P ↓↑ = (P
↑
↓ )
∗ 6= 0. The tensor of irreducible kernels W is
of dimension 8 × 8 in our case. We rearrange Eq. (8) in
the stationary limit such that 0 = W˜P and solve for P
by calculating the nullspace of W˜, a matrix that com-
bines both W and the first line of Eq. (8) involving the
effective Hamiltonian.
A subtlety arises from the intrinsic inconsistency of
the master equation when expanded to first order in ΓN .
If the contribution of the dissipative kernels in Eq. (8)
is much smaller than the line describing coherent evolu-
tion, entries of the density matrix may not be of order
ΓN but higher order contributions are mixed in. These
next-to-leading order effects, for instance the possibility
to have finite currents within the Coulomb-blockaded re-
gion (e.g. due to cotunneling), scale at least with Γ2N .
Within our approach we have carefully monitored that
these artefacts do not have a visible effect in the numer-
ical results.
Recently, several analytic approximations have been
put forward. The regime ΓS ,ΓN  kBT around the
resonance δ ≈ 0, where only first-order tunneling pro-
cesses to either the superconducting or the normal leads
needs to be taken into account, was explored in Ref. 42.
Within the regime, ΓN  ΓS , where the dot spectrum
is dominated by the formation of Andreev bound states,
it is sufficient to take into account diagonal elements of
the density matrix for the calculation of the current47,48.
They correspond to single occupancy or occupancy of the
respective states of Eq. (4). This approximation is justi-
fied as long as the first line in Eq. (8) is of order ΓS  ΓN .
Consequently, the regime ΓS  ΓN or ΓS ∼ ΓN need a
different treatment. Overlap matrix elements P+− become
important, when approaching ΓS ∼ ΓN . Within this
work we focus on transport properties as current, noise
and cross correlators in the regime ΓN  ΓS . For this
subgap regime it is possible to resolve the avoided cross-
ings between Andreev bound states most clearly. How-
ever, in the opposite regime ΓS  ΓN , our results are
not changed qualitatively.
Three different scenarios are distinguished in the fol-
lowing: (A) the spin symmetry is intact. (B) We in-
clude a finite magnetic field along a specific axis that
breaks SU(2) symmetry, however a residual U(1) spin
symmetry is still kept. In (A) and (B) bias voltages are
chosen such that µS = 0, µL = µR. Within scenario
(C), we study the regime with no spin symmetry at all,
i.e. (pα 6= 0, φL 6= φR) in a nonequilibrium situation
µL 6= µR. We discuss the Andreev current as well as in-
duced conventional and unconventional order parameters
together with shot noise data.
6A. Full spin symmetry
This section presents results for scenario (A). In the
absence of magnetic fields, i.e. pα = 0 in each of the leads
and B = 0, the SU(2) symmetry is intact. The total spin
of electrons on the dot and in the paramagnetic leads is
conserved. The bias is chosen as µL = µR = µ for left
and right lead, whereas µS = 0. Units of energy are fixed
by the Coulomb interaction U and temperature is set to
kBT = U/100.
1. Current
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FIG. 2. (Color online) Andreev current as a function of gate
voltage δ and bias voltage µ. The coupling to the SC is ΓS =
U/2, the coupling to the paramagnetic leads is ΓN = U/1000
and temperature is kBT = U/100.
In Fig. 2 the Andreev current into the superconductor
is shown as a function of gate- and bias voltage (δ, µ),
respectively. We have chosen a strong coupling of the
QD to the superconductor ΓS = U/2 to achieve a strong
proximity effect. With respect to the applied bias voltage
we distinguish three regimes: (i) low bias |µ| < − − 0,
(ii) intermediate bias − − 0 < |µ| < + − 0 and (iii)
high bias |µ| > + − 0. The boundaries between these
regimes are given by the Andreev addition energies de-
picted as dashed lines in the figure. In case (i) the dot is
mostly occupied with a single electron and around δ = 0,
a pronounced Coulomb blockade area is developed, i.e.
transport is blocked. Tuning µ > 0 into regime (ii) pro-
vides enough energy to allow for a finite current flow
into the SC. In that case, a second electron enters the
dot and an enhanced probability for Andreev reflection
results in a finite current, as two electrons are able to
enter the SC as a Cooper pair. Of course, the opposite
process, for µ < 0, is possible as well: Cooper pairs are
expelled from the superconductor, are split by the charg-
ing energy on the dot, and leave the dot towards differ-
ent or the same lead. In general, there is the symmetry
I(µ, δ) = −I(−µ,−δ). Within the high-bias regime (iii)
the Andreev current becomes insensitive to the sign of δ,
i.e. the stronger symmetry condition I(−δ) = I(δ) holds.
2. Shot noise and cross corelations
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FIG. 3. (Color online) Andreev shot noise for (a) same lead
(left/or right) and (b) cross-correlations between left and right
lead. Other parameters are as in Fig. 2.
In Fig. 3(a), we present data for the shot noise Sαα, α =
L or R of the Andreev current as a function of (δ, µ). In
the low bias regime, the shot noise vanishes as the current
does. Within regime (ii) and (iii), finite and positive shot
noise is present. Similar as for the current, there is a
main peak of the shot noise around the resonance δ = 0.
The main contribution to Sαα stems from the first line in
Eq. (20). In contrast to the current, however, there is an
enhancement of the shot noise at the Andreev addition
energies in the upper right and lower left part of Fig. 3(a).
The cross-correlations Sαβ , α 6= β are depicted in
Fig. 3(b). There are two noteable features in the fig-
ure: first the vanishing of the cross correlations for δ ≈ 0
and, second, the appearance of negative cross correla-
tions. Since W IαIβ = W IβIα = 0 for α 6= β in the weak-
coupling limit, the only contribution to Sαβ is due to the
second and third line in Eq. (20). For δ ≈ 0 these are
strongly suppressed and cross correlations vanish. Along
the Andreev addition-energy lines in the upper right and
lower left part of Fig. 3(b), we obtain Sαβ < 0, indicating
that the transport channels from the left and the right
lead block each other56,57.
3. Even-singlet order parameter
A finite coupling of the SC to the quantum dot induces
a finite amplitude ∆Se for even-singlet pairing. It is in-
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FIG. 4. (Color online) (a) Modulus and (b) phase of the
induced even-singlet order parameter ∆Se as a function of gate
and bias voltage. Other parameter are as in Fig. 2.
duced by the proximity effect, i.e., the coupling to the
superconducting lead. In the Hamiltonian HS for the su-
perconducting lead, Eq. (1), we chose a gauge in which
the phase of the superconducting order parameter is zero.
This does not mean, however, that the induced order pa-
rameter ∆Se has to have the same phase. Since we are
dealing with a nonequilibrium situation, ∆Se is complex
and its phase contains, in general, nontrivial information.
Therefore, we show in Fig. 4 both the modulus (a) and
the phase (b) of ∆Se . Areas with finite |∆Se | are present
in the intermediate bias regime for δµ < 0. At high bias,
the order parameter is suppressed around δ = 0. This
dip in the modulus of the order parameter as a function
of δ is accompanied with a crossover of the phase from
0 to pi. In Fig. 4, this crossover is rather sharp since we
chose ΓN/ΓS  1. With increasing ΓN , the crossover
becomes smoother.
It has been shown in Refs. 42 and 43 that in the limit
of a large superconducting gap in the lead, ∆→∞, the
current into the superconductor is directly related to the
even-singlet order parameter. For ∆ real and positive,
we get IS = (e/~)ΓS Im ∆Se , i.e., the Andreev current in
Fig. 2 displays, up to a constant prefactor the imaginary
part of the even-singlet order parameter. The modulus
of the even-singlet order parameter, shown in Fig. 4(a)
looks different because it is, for the chosen parameters,
dominated by its real part.
We summarize our findings for scenario (A). In the
presence of SU(2) spin symmetry, a conventional spin
singlet order parameter exists on the dot. In a nonequi-
librium situation a 0−pi-transition can be observed. The
noise looks qualitatively similar to the current but the
cross correlations display a suppression around zero de-
tuning.
B. Residual U(1) spin symmetry
We now consider the reduction of the SU(2) spin sym-
metry to U(1), achieved either of the two following ways.
For scenario (B1), the proximitized QD is coupled to
FM leads with parallel magnetizations nL ‖ nR between
left and right side, accompanied by finite polarizations
pα 6= 0, see Fig. 1. The second scenario (B2) is realized,
when spin symmetry is broken by a local static magnetic
field B = Bxˆ applied to the QD. In this situation, the
leads are chosen to be paramagnetic metals (pα = 0).
1. Scenario B1
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FIG. 5. (Color online) Andreev current for scenario (B1),
i.e. the proximitized QD is tunnel coupled to ferromagnetic
leads. Polarizations are chosen symmetrically pα = 0.8, φα =
0. Other parameters are as in Fig. 2.
In Fig. 5 we depict IS(δ, µ) for (B1) where the param-
eters for the FM leads are φα = 0, pα = 0.8, α = L/R.
Temperature and tunnel couplings are chosen as in Fig. 2.
As above, the three regimes of low-, intermediate- and
large-bias voltage show up. Note that the magnitude of
the current is reduced due to the coupling of the QD
to ferromagnets. Especially within the intermediate bias
regime, a clear asymmetry between positive and negative
δ is visible, however the symmetry I(−δ,−µ) = I(δ, µ) is
always intact.
Shot noise Sαα and cross correlations Sαβ are pre-
sented in Fig. 6(a) and (b), respectively. Similar as for
the current, the finite spin polarization leads to a re-
duction of the shot noise and cross correlations. Many
features discussed for scenario (A) hold qualitatively for
scenario (B1) as well. An important difference is that
the cross correlations are now not suppressed anymore
around zero detuning δ ≈ 0.
In Fig. 7, we show how the presence of the FM leads
modify the even-singlet order parameter. The modulus
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FIG. 6. (Color online) (Color online) Andreev shot noise of
scenario (B1) for (a) same lead and (b) cross-correlations be-
tween left and right lead. Other parameters are as in Fig. 5.
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FIG. 7. (Color online) (a) Modulus and (b) phase of the
induced even-singlet order in scenario (B1) for the same pa-
rameters as in Fig. 5.
of ∆Se is, in general, suppressed in magnitude. In the
regime where the QD is most probable singly occupied,
however, |∆Se | is enhanced. The phase of ∆Se shows, again
a crossover from 0→ pi as δ goes through zero.
The most important effect of the FM leads is that now
odd-triplet order parameters are induced as well. Accord-
ing to Eq. (16), the finite odd-triplet correlation is related
to an accumulated dot spin S (since there is no magnetic
field considered in scenario (B1)). From Eq. (16), we con-
clude that ∆To points along the axis of the residual U(1)
symmetry. The modulus of this component is shown in
Fig. 8(a). All other components vanishing here. Since
∆To is purely imaginary in scenario (B1), the phase is
either pi/2 or −pi/2, see Fig. 8(b). As compared to the
even-singlet order parameter, the phase of the odd-triplet
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FIG. 8. (Color online) Odd-triplet order parameter in sce-
nario (B1). The FM leads yield a finite spin accumulation
on the QD, which results in finite ∆To in the direction of the
induced exchange magnetic field. Other parameters are as in
Fig. 5.
one is shifted by pi/2, in accordance with Eq. (16).
2. Scenario B2
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FIG. 9. (Color online) Andreev current for scenario (B2).
The leads are assumed to be paramagnetic metals pα = 0. A
local magnetic fields Bx = U/5, lifts the spin degeneracy on
the QD. Other parameters are as in Fig. 2.
In scenario (B2), a local magnetic field applied to the
QD is responsible for the reduction of the spin symmetry
from SU(2) to U(1), while the leads are paramagnetic,
pα = 0. In Fig. 9, we present the Andreev current IS(δ, µ)
as function of detuning and bias voltage. The Zeeman
field acting on the dot enters the Andreev-addition ener-
gies. This generates an additional substructure visible in
9Fig. 9.
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FIG. 10. (Color online) Andreev shot noise for scenario (B2),
panel (a) depicts the shot noise and in panel (b) the cross
correlators are shown. Parameters are as in Fig. 9.
The shot noise Sαα(δ, µ) is shown in Fig. 10(a). Again,
we find a maximum around the resonance δ = 0 and a
substructure of the Andreev-addition energies, similar as
for the current. There is an enhancement of the shot
noise along two of the Andreev-addition energies in the
upper right and lower left. The cross correlations, see
Fig. 10(b), display a suppression around zero detuning,
similar to scenario (A) and in contrast to (B1).
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FIG. 11. (Color online) (a) Modulus and (b) phase of the
induced even-singlet order parameter scenario B2 for param-
eters as in Fig. 9
The main impact of the Zeeman field on the induced
even-singlet order parameter is the additional substruc-
ture in the Andreev-addition energies, see Fig. 11. As
a consequence, there is now a finite region between the
split Andreev-addition in which the transition from phase
0 to phase pi becomes smoother (see upper right and
the lower left part of Fig. 11(b)). The suppression of
the even-singlet order parameter around zero detuning
is, however, similar as in case (A) and (B1).
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FIG. 12. (Color online) Odd triplet order parameter scenario
(B2). Parameters are chosen as in Fig. 9
We now turn to the induced odd-triplet order param-
eter. It is finite due to the combination of a finite Zee-
man field and the presence of even-singlet correlations,
see first term in Eq. (16), and, in addition due to spin
accumulation, according to the second term of Eq. (16)
as well. In Fig. 12 modulus (a) and phase (b) of ∆Txo ,
i.e., the component of the odd-triplet order parameter
along the direction of the magnetic field, are shown as a
function of gate and bias voltage. Also here, the phase
of the odd-triplet order parameter is shifted by pi/2, see
above and Eq. (16). The comparison of Fig. 12 with
Fig. 11 reveals the interesting result that, for the chosen
parameters, odd-triplet correlations do most prominently
appear in regions in which even-singlet correlations are
suppressed: in the Coulomb-blockade region in the mid-
dle of Fig. 12 and in the small stripes between the split
Andreev-addition energies in the upper right and lower
left part. These are regions in which spin accumulation
is pronounced. The very fact that superconducting cor-
relations also show up in the Coulomb-blockade regime
underlines the notion of superconducting pairing of elec-
trons at different times, since the probability to have both
electron in the quantum at the same time is exponentially
suppressed due to charging energy.
To summarize the main feature of scenario (B), a re-
duction of the spin symmetry, either by an external mag-
netic field or by FM leads induces finite odd-frequency or-
der parameters ∆To onto the quantum dot. Triplet order
parameters appear in the direction of the applied mag-
netic or magnetization direction. Other components are
excluded by the residual spin symmetry.
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FIG. 13. (Color online) Andreev current for scenario (C), here
realized with FM leads, finite polarization p = 0.8, φL−φR =
pi/2 and µL = −µR. Other parameters are as in Fig. 2.
C. Complete removal of rotational symmetry
In scenario (C), spin symmetry is fully broken by two
FM leads pα 6= 0 with non-collinear magnetization direc-
tions, φL 6= φR that are put at different chemical poten-
tials. To be specific, we choose µL = −µR, relative to
µS = 0 and φL − φR = pi/2. Choosing different chemical
potentials for the two ferromagnets is important for a full
removal of spin symmetry. Two FM leads with φL 6= φR
but µL = µR can be effectively described as one lead with
some effective magnetization direction, i.e., the induced
superconducting correlation are, in this case, the same as
in scenario (B1).
The Andreev current is shown in Fig. 13. It now looks,
as a consequence of the biasing scheme µL = −µR, very
different from all the previously discusses cases. It is pos-
sible to switch between IS > 0 and IS < 0, i.e. electrons
entering or leaving the SC lead, by changing the gate
voltage. The vanishing Andreev current at δ = 0 is a
consequence of µL = −µR and ΓL = ΓR.
The corresponding shot noise and cross correlations
are shown in Fig. 14. We find for all voltages negative
cross correlations, Sαβ < 0 while the shot noise is always
positive.
The even-singlet order parameter is shown in Fig. 15.
The condition µL = −µR together with ΓL = ΓR results
in ∆Se being real, positive and symmetric with respect
to δ → −δ. The imaginary part is suppressed due to
cancellation of different tunneling processes to the left
and right side47.
Finite Coulomb interaction at finite bias creates an
exchange field that affects the accumulated spin on the
dot. The resulting spin precession yields spin compo-
nent not only within but also out of the plane defined by
the leads magnetization directions. Since the direction of
the quantum dot spin is, in general, not collinear to the
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FIG. 14. (Color online) (a) Shot noise and (b) cross correla-
tions for scenario (C) for parameters as in Fig. 13.
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FIG. 15. (Color online) (a) Modulus and (b) phase of the
even-singlet order parameter for scenario (C) for parameters
as in Fig. 13.
exchange field generated by the FM leads, the direction
of the odd-triplet order parameter shows, according to
Eq. (16), a non-trivial dependence of the gate and bias
voltage. This is illustrated in Fig. 16 where we show the
modulus and the phase of all components ∆Txo ,∆
Ty
o ,∆Tzo
of the odd-triplet order parameter. Due to finite values
of Sx,Sy,Sz, all three components of ∆o are finite, see
Eq. (16). For the chosen parameters, the phase of all
order parameters is ±pi/2, indicating a purely imaginary
odd triplet order parameter. Sign changes in the order
parameter are due to a sign change of the spin, when
going for instance from negative to positive gate voltage.
We mention that all components are of the same order
of magnitude due to a large spin-valve effect. In compar-
ison, for φL = φR all order parameters vanish, since the
exchange field vanishes and spin symmetry is restored for
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FIG. 16. (Color online) (a) Modulus and (b) phase of the
odd-triplet order parameter for scenario (C) for parameters
as in Fig. 13.
the case µL = −µR. The positions of the resonances are
determined by Andreev addition energies.
To summarize scenario (C), spin symmetry can be
completely removed by using two, non-collinearly magne-
tized FM leads. The combination of spin-accumulation
due to a voltage bias between the two ferromagnets and
and spin-precession due to exchange fields yields finite
values of all three components of the odd-triplet order
parameter. When tuning gate voltages, it is possible to
flip the spin and therefore changing the sign of the imag-
inary part of the order parameter.
IV. CONCLUSIONS
In conclusion, we have studied the role of spin sym-
metry in the presence of superconducting correlations in
a single-level quantum dot. Conventional, even-singlet
correlations are induced by a tunnel coupling to a super-
conducting lead with ordinary, BCS pairing symmetry.
In addition, superconducting odd-triplet correlations can
be generated by breaking the SU(2) spin symmetry with
the help of a Zeeman field or ferromagnetic leads. In
a single-level quantum dot, no other pairing symmetries
(even triplet or odd singlet) are possible.
We have determined the superconducting order param-
eters by numerically solving the kinetic equations for the
dot degrees of freedom. Thereby, we have taken all co-
herences between different charge states and between dif-
ferent spin states into account. We have discussed three
different scenarios in order to investigate the influence of
reduced spin symmetry on the superconducting correla-
tions: (A) full SU(2) spin symmetry, (B) residual U(1)
spin symmetry, and (C) full removal of spin symmetry.
We have found that odd-triplet correlations are present in
the dot whenever the dot is coupled to a superconductor
and either a finite spin is accumulated or a magnetic field
is applied. All induced order parameters display a strong
dependence on applied gate and bias voltages, magnetic
fields, and the magnetization directions of attached ferro-
magnetic leads. This opens the possibility to selectively
tune the even-singlet and odd-triplet order parameters.
In particular, we found regimes in which the unconven-
tional, odd-triplet, correlations are large while the con-
ventional, even-singlet, correlations are suppressed.
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